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Moments of parton distribution functions
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MOMENTS OF PDF’S ON THE LATTICE

@ Relation to matrix elements of leading twist operators between hadron states

<h(p)|0,u1/ﬁn|h(p)> — <xn_1>q p,ul - 'p,un + terms 5,Lci,uj

@ non-singlet operators belong to two irreducible representation of H(4):
3

Oule) = (@) De —5 & D 50l
7_3
Op(x) = &(5’7)[% §2 +9 B1 ]E@D(x)

@ calculate renormalized matrix element at low energy scale uy . ..

oy () ORFRD))
(z)(po) = 611_>0 7711—>0 Z(1/po)

® .. and relate different scales g and p by the step scaling function oy

()0) = ) (uo) /) = () ) 1/
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Moments of parton distribution functions
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@ Renormalization group invariant matrix element:

yFer — SIOFS | hp))

Z(l/,u()) J(M/HO? g(:“)) FSF(QQ(N»

9(p)
Fsr('(u) = g(w) ™ exp{ = | dg %EZ; - ;;)o]}

® simple conversion of ()¢ to any desired scheme

(e.g. MS):

(@)ars(n) = (@)™ F 375 (6°(1)
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Moments of parton distribution functions

SEF FINITE VOLUME RENORMALIZATION SCHEME

@ scale ! = L changed keeping pL, xy/L and m, = 0 fixed

@ computation of o/, g(pt)) requires series of L* and (2L)* lattices

quenched unquenched
9 couplings 6 couplings
32=0.89 to 3.48 32=0.98 to 3.33 <3
4 |attice spacings 3 lattice spacings %%
L= 6, 8 12, 16 L= 6 8 12 ﬁE
2L =12, 16, 24, 32 2L =12, 16, 24
2 action method 2 operator method
unimproved Wilson + unimproved operator +
non-pert. O(a) impr. Clover| improved operator
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@ correlation functions involve boundary fields:

/\/ .
T 0 - 3
il folen/L) = ~5 =, (Ox) (y) T (2)
: &
\C
space
@ boundary-to-boundary correlator:
a
R
T 12 . 3 -3
. J1= 76 u,vz,:y,z (C(u) 75 B (v) C(y) 75 o ((z))
0
\C
—1
space

0,
= Z(a/L,:IJO/L):fo(x\/}_l/L) f@@ (g)/”
1
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CONTINUUM EXTRAPOLATION oy,

1.1 ,

| |
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0y, o Wilson _ 0.7 - ]
O Clover 0.5 §2 = 0.98 ] ] ]
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_ - 07k i
N ST — - L 22 _
& - g— & | . g? =201 | |
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Moments of parton distribution functions

CONTINUUM STEP SCALING FUNCTIONS

1.2

0.8

a
Ziy

0.6

A 0.4

I ‘ [
[ ‘ T
L } . [ B

I S ‘ I S ‘ I S ‘ I S OZ I S ‘ I S ‘ I S ‘ I S

B 2 and 3-parameter fits: o(g*(L)) =1 —vIn(2) §* + c19* + c6g° + csg®
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(2)YM5( = 2 GeV) FOR PION & PROTON

0 s _ 1st cont Iconstraineoll, 2nd chirall —— : | | | :
ol <x>"2 (p=2GeV) experimental —<— | 0 4 - EZ@RO+QCDSF %EXP 7
< - §7eRo+LHPC :
0 | SR ]
; N 03 - -
L L I I - i
- i‘%ﬂ‘%/‘ Lo o Y L 3; | % i
0.2'{}"' /‘\2 02; }\¥“‘\‘\h‘§\¥‘}“\i ;
01| s ]
m, 2 [GeV?] - | | .
00 | | | | | | 0 1 | | |
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0 0.05 0.1
a[fm|
NS 1 2 m72r 9 : A=04,0710 GeV
<£U>q = a 1 — YRy mﬂ hl 5 A2 —+ b mﬂ Wlth fr = 93’ Me,\/
(47 fr) mz + A
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SYSTEMATIC ERRORS

@ non-perturbative renormalization v

@ continuum extrapolation v

@ finite size effects ?

@ chiral extrapolation ?

@ quenching effects ?
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B =6.1

Moments of parton distribution functions

FINITE SiZzE EFFECT STUDY

@ Schrodinger functional scheme

@ non-pert. impr. Clover action

@ L=10—-29fm,T=28—-4.41m

® ¢ = 0.079, 0.093 fm

L/a|T/a| N
12 1 36 | 3200
14 | 36 |1600
16 | 42 | 800
24 | 42 | 800
32 | 56 | 185

@ 3 k’s (560 MeV < m, < 850 MeV)

@ observables: my, (x), my, (x)N
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B =06.0
L/a|T/a N
12 | 32 8160
16 | 32 |2200+2144
24 | 32 | 110042481
32 | 32 | 10904610
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Moments of parton distribution functions

SCHRODINGER FUNCTIONAL SCHEME

6 3

farlao) = =75 3 (AT(x) ((y) %5 5 C(2)) = —(AT(x) On)
Al(z) = Ay(z) + a ca3(9, + 0,) P(x)
/\/ y
ame | fi = —(00r) ~ "
fM(330> = a3§(00 O44(X) OT> ~ G_mWT<7T|O44|7T>{1 + .. }

©W(a) = 25| Oy m) = 2 f, ()],

T
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@ Relative systematic deviation for the pion mass & matrix element:

0.06

0.05
0.04 |

0.03 ||

0.02

0.01

0.00

My (L) — mg(L = 00) 3 my\?2 | e "Mk 2 ¢ V2mal
Rmﬁ — I = = 4(97)3/2 \ | 1,)3/2 T \/g 1,)3/2
mx(L = 00) (2) 7/ [(mgL) (V2 mgL)
T T T T T T T T T T T 0.30 T T T T T T T T T T T
R (L) = (<x>(L)-<x>)/<x>
Ry (L) = (my(L)-m)/m

g p=6.0 k=01332 —=— 0.25 K=0.1332 —&— .

0.1339 —e— 0.1339 +—

0.1341 —a— %@ 0.1341 —a—
B=6.1 k=0.1340 — B 0.20 + K=0.1340 —=— .

0.1345 —o&— 0.1345 —e—
0.1350 —=— 015 0.1350 —=— |

¢
0.10 | ]
%% :
i
0.05 k .
‘ﬁ§ §q1 p ¥ N T -
T e LI N T
ot 0.00 \\‘ ﬁ@ﬁi N
m L moL
3 4 5 6 7 8 9 10 11 12 13 14 2 3 4 5 6 7 8 9 10 11 12 13 14
® 1.a : no FSE for m,L > 4 (x): strong effects up to m,L =~ 5,

e.g. deviation of 5 % at m,L =4
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@ Relative systematic deviation for the nucleon mass & matrix element:
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L 4 muya : FSE of 3-4% at m.L ~ 5
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X(L) - X(L = 00)
Ry =
X(L = o0)
Ry (L) = (MyL-mYimy  B=6.0 k=01332 + &+
i 0.1339 —e—
0.1341 —a—
_ }}
E\ %
\ te
N\ .
m, L

0.50
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0.00

-0.10

X = my, <x>N

R (L) = (x> (L)-<x>p)/<x>y
K=0.1332 —=—
I 0.1339 —e— 7
l +
m,L

10 11 12 13 14 15
(x)n: strong effects up to m,L =~ 7,

e.g. deviation of 20 % at m,L =5
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@ Improvement with smeared nucleon source:

1.10

1.00 -

0.90 r

0.80

0.70 r

0.60

2

2

NIC/DESY Zeuthen __(NIC) (i)

) e—ax2€—ay e " €upe Ca(ilf)Cb(y)Cc(Z)

TYZz
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2200 r'neas a:0.0b
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B

0.6

30

nucleon matrix element
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SYSTEMATIC ERRORS

@ non-perturbative renormalization v
@ continuum extrapolation v

\

@ finite size effects ¢

@ chiral extrapolation ?

@ quenching effects ?
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(x) WITH WILSON TM FERMIONS

Wilson tmQCD lattice action in the twisted base (x)

SIx, x, U] = xX(D|U] + mg + pivys73)x

rescale with y — ;/3—27;)(, X — ;/327’;%, k= (2amg+8r)"t, [=2ku.

for the standard hopping parameter representation

Advantages
@ twisted mass p provides natural IR-cutoff
® 16 accidental small eigenvalues, exceptional configurations

@ full O(a) improvement for parity odd correlators at w = 7/2

@ approach seems feasable down to m, ~ 270 MeV

D talks of A. Shindler, M. Papinutto, C. Urbach, F. Farchioni

LATTICE 2004 - Fermilab, USA - June 21 to 26, 2004

16



I. Wetzorke

Moments of parton distribution functions

NIC/DESY Zeuthen __( NIC

@ Scaling behavior for pion decay constant and pion matrix element:
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promising scaling behavior of ()

LATTICE 2004 - Fermilab, USA - June 21 to 26, 2004

17



I. Wetzorke

NIC/DESY Zeuthen _(NIC)

Moments of parton distribution functions

CONCLUSIONS & OUTLOOK

@ Ny = 2 non-perturbative renomalization factors

for Oy and O15 will be available soon

@ strong FSE for nucleon mass (4%) and nucleon

matrix element (20%) at m,L ~ 5

@ (r) with Wilson tm fermions shows promising scaling behavior

- approach seems feasable down to m, ~ 270 MeV
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