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Analytic Continuationfrom Imaginary

One recentmethodusedto study QCD with small baryonchemicalpotential is to
measurequantitiesat imaginary , wherethe measureof the pathintegral is real, and
fit resultsto a truncatedTaylor expansionabout . Onecanthenanalytically
continuetheresultsto real [7, 8]. Weproposeto useasimilarmethodby simulatingat
imaginaryisospinchemicalpotential( ), whereonceagain is real,andexpanding
observablesin powersof .

For our initial investigation we have measuredthe quark condensatesand baryonand
isospinnumberdensitieson a lattice at , which from Fig. 1 can be seen
to be wherethe effect of having is largest. In QCD, one can show that e.g.

expandedabout is analytic in , suchthat for small imaginary the
quantityremainsreal[9]. For oursimulations,however, this is not thecase,andmeasured
quantitiesare
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Fig. 2. Realand imaginarypartsof and as functionsof imaginary with
ona lattice.

quantitiesare, in general,complex. Onecan thereforefit andanalyticallycontinuethe
resultsusinge.g.
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Figure 2 shows the real and imaginarypartsof the quark condensatesas functionsof
imaginaryisospinchemicalpotential . As expected,theresultsfit theforms

and well. Our next aim is, with moredataandbetterstatistics
for arangeof , to producereliableformsof thecurvesin Fig. 1. It mayalsobepossible
to look for signsof pioncondensationat largervaluesof .

Partially QuenchedCalculation

Whilst the primary motivation for investigating is to studythe superfluidphase,
this requiresoneto introduceanexplicit symmetrybreakingterm;it is currentlynot clear
how to measurethecritical temperaturein the limit that this term is reducedto zero[2].
Instead,we chooseto study the chiral phasetransitionwith the aim of controlling the
systematicsof introducing .

The first stepwe take is to performa “partially quenched”calculationin which
whengeneratingthebackgroundfieldsandis madenon-zeroonly duringthemeasurement
of fermionobservables.In particular, we measuretheup anddown quarkcondensates

�

asfunctionsof for various on a lattice.Someresultsarepresentedin Fig. 1.
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Fig. 1. and condensatesfor various and ona lattice.

The resultsagreequalitatively with thoseof analyticstudiesof the model in which the
introductionof a small but non-zero is seento split the chiral phasetransitioninto
two [5, 6]. Unlikethesestudies,however, wefind that deviatesmorefrom the
resultthan ; thismaybeanartifactof thepartiallyquenchedapproximation.

TheModel

Theactionof thelatticeNJL model(with ) is givenby

where is the doubletof staggeredupanddown quarksdefinedon latticesites
and is a matrix of bosonicauxiliary fields definedon dual sites . The

fermionkineticmatrix is definedin [2]; we usethebareparametersusedtherein.

One can separatethe Fermi surfaceof up and down quarksby simultaneouslysetting
baryonchemicalpotential andisospinchemicalpotential

. With , , which is a sufficient, but not necessary
conditionto show that is bothrealandpositive [4]. With however, this is no
longertruesuchthatonceagainwe arefacedwith thesignproblem.

The fact that the two scalesareordered suggeststhat onemay be ableto use
someof the techniquesrecentlydevelopedto studyQCD with . First, however,
wepresenttheresultsof a partiallyquenchedcalculation.

Motivation

At asymptoticallyhigh baryonchemicalpotential( ) andlow temperature( ) – where
QCDcanbetreatedin aperturbativemanner– theground-stateof quarkmatteris foundto
bethatof acolour-superconductor(for a recentreview seee.g.[1]). Thedeterminationof
theground-stateat themoremoderatedensitiestypical in thecoresof compact(neutron)
starswould thusappearto be a perfectapplicationfor lattice QCD. Unfortunately, with

thedeterminantof theQCDfermionmatrix becomescomplex
andimportancesamplingbreaksdown.

Oneway to proceedis to studymodelfield theoriessuchasthe Nambu – Jona-Lasinio
(NJL) model. This purely fermionicfield theory, in which colour-neutralquarksinteract
via a four-pointcontactterm,notonly containsthesameglobalsymmetriesastwo flavour
QCD, but canbe simulatedon the lattice even with . In [2] we show that the
ground-stateof the latticemodelwith , i.e. with “up” and“down” quarks
sharingacommonFermisurface,exhibitss-wavesuperfluidityvia astandardBCSpairing
betweenquarksof differentflavours;i.e.

Within thecoresof compactstars,however, theFermimomenta and areexpectedto
beseparate.A simpleargumentbasedon thatof [3] suggeststhatfor a two flavour Fermi
liquid of masslessquarkswith andbothweakequilibrium( )
and charge neutrality ( ) enforced,all the Fermi momentaare
determined:

Theeffect of separatingtheFermisurfacesof pairingquarksin QCD shouldbe to make
thecoloursuperconductingphaselessenergetically favourable.This couldprove a good
method,therefore,to investigatethestabilityof thesuperfluidphase.

Abstract

Wepresentinitial resultsof anumericalinvestigationof thechiralsymmetryrestoringtran-
sition in the(3+1)-dimensionalNambu – Jona-Lasiniomodelwith bothnon-zerobaryon
chemicalpotential( ) andisospinchemicalpotential( ). Thetwo scalesare
ordered , which is shown to be phenomenologicallyrelevant in the physicsof
compactstars.

With non-zeroisospinchemicalpotential,themodelis thoughtto suffer from asignprob-
lem. We proceedin two ways:

(i) Weperform“partially quenched”simulationsin which is madenon-zeroonly during
themeasurementof chiral observables;

(ii) We performfull simulationswith imaginaryisospinchemicalpotentialwith theaim to
analyticallycontinueresultsto real .
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