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Abstract

We presentnitial resultsof anumericalnvestigationof thechiral symmetryrestoringtran-
sition in the (3+1)-dimensionaNamhi — Jona-Lasinianodelwith both non-zerobaryon
chemicalpotential(i.g # 0) andisospinchemicalpotential(i.; # 0). Thetwo scalesare
orderedu; < g, which is shavn to be phenomenologicallyelevantin the physics of
compactstars.

With non-zerasospinchemicalpotential,the modelis thoughtto suffer from a signprob-
lem. We proceedn two ways:

(i) We perform*“partially quenched’simulationsan which 1.y is madenon-zerconly during
the measurementf chiral obserables;

(il) We performfull simulationswith imaginaryisospinchemicalpotentialwith the aim to
analyticallycontinueresultsto real ;.

Motivation

At asymptoticallyhigh baryonchemicalpotential(;: ) andlow temperatur€’’) — where
QCD canbetreatedn aperturbatve mannertheground-stat®f quarkmatteris foundto

bethatof a coloursuperconductoffor arecentreview seee.g.[1]). Thedeterminatiorof

the ground-statat the moremoderatadensitiesypical in the coresof compact{neutron)
starswould thusappearto be a perfectapplicationfor lattice QCD. Unfortunately with

up # 0 thedeterminanof the QCD fermionmatrix det( ) + m + uyy) becomesomple

andimportancesamplingbreaksdown.

Oneway to proceeds to study modelfield theoriessuchasthe Namhu — Jona-Lasinio
(NJL) model. This purely fermionicfield theory in which colourneutralquarksinteract
via afour-pointcontactterm,notonly containghe sameglobalsymmetriesastwo flavour

QCD, but canbe simulatedon the lattice evenwith g # 0. In [2] we shov that the

ground-statef the lattice modelwith p, = puy = up, 1.e. with “up” and“down” quarks
sharingacommonrFermisurface,exhibits s-wave superfluidityvia a standardCSpairing

betweemuarksof differentflavours;i.e.

(ud) # 0,
Apcs # 0.

Within the coresof compacstars however, the Fermimomentak andkz;@ areexpectedo
beseparateA simpleargumentbasedon thatof [3] suggestshatfor atwo flavour Fermi
liquid of masslesguarkswith 1z = 400MeV andbothweakequilibrium (p; = iy + tte)
and chage neutrality (2n,/3 — ny/3 — ne. = 0) enforced,all the Fermi momentaare
determined:

ki = iy = pip — pre/2 = 355.5MeV,
kL = 1y = up + pe/2 = 444.5MeV,

The effect of separatinghe Fermisurfacesof pairingquarksin QCD shouldbeto make
the colour superconductinghasdessenegetically favourable. This could prove a good
method thereforeto investicatethe stability of the superfluidphase.
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The Model

Theactionof thelattice NJL model(with ¢ — 1) Is givenby

Z (u(a?) d(x) ) M[D, up, t7)zy (Zgzg ) -+ %ZTICI);;(D@)

LY

where(u, d) isthe SU(2) doubletof staggeredip anddown quarksdefinedon latticesites
rand® = ¢ + 7.7 IS a matrix of bosonicauxiliary fields definedon dual sitesz. The
fermionkinetic matrix My, Is definedin [2]; we usethe bareparametersisedtherein.

One can separateghe Fermi surface of up and down gquarksby simultaneouslysetting
baryonchemicalpotentialug = (uy + pg)/2 # 0 andisospinchemicalpotentialy; =
(o — pg)/2 # 0. With uy = 0, mMm = M*, which is a sufficient, but not necessary
conditionto shaw thatdet M Is bothrealandpositve [4]. With 1.7 = 0 however, thisis no
longertrue suchthatonceagain we arefacedwith the signproblem.

Thefactthatthe two scalesareorderedu; < up suggestshatonemay be ableto use
someof thetechniquesecentlydevelopedto studyQCD with up < T'. First, however,
we presentheresultsof a partially quenchedalculation.

Partially QuenchedCalculation

Whilst the primary motivation for investicating i1; # 0 Is to studythe superfluidphase,
thisrequiresoneto introduceanexplicit symmetrybreakingterm; it is currentlynotclear
how to measurdhe critical temperaturen the limit thatthis termis reducedo zero[2].
Instead,we chooseto study the chiral phasetransitionwith the aim of controlling the
systematic®f introducingp.; # 0.

Thefirst stepwe take is to performa “partially quenched’calculationin which iy = 0
whengeneratinghebackgroundieldsandis madenon-zerconly duringthemeasurement
of fermionobsenables.In particular we measureghe up anddown quarkcondensates
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asfunctionsof p 5 for variousy; ona12? lattice. Someresultsarepresentedn Fig. 1.
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Fig. 1. (uu) and{dd) condensatefor variousu g andu; ona12? lattice.

The resultsagreequalitatvely with thoseof analytic studiesof the modelin which the
Introductionof a small but non-zeroy; I1s seento split the chiral phasetransitioninto
two [5, 6]. Unlikethesestudieshowever, wefind that (uu) deviatesmorefromthe iy = 0
resultthan(dd); this maybeanartifactof the partially quenchedipproximation.

Analytic Continuationfrom Imaginary;

One recentmethodusedto study QCD with small baryonchemicalpotential ;.5 Is to
measurejuantitiesat imaginary .. g, wherethe measureof the pathintegral is real, and
fit resultsto a truncatedTaylor expansionaboutu /T = 0. Onecanthenanalytically
continuetheresultstoreal . g [7, 8]. We proposdo usea similar methodby simulatingat
Imaginaryisospinchemicalpotential(/i;), whereonceagaindet M is real,andexpanding
obserablesin powersof ji; /.

For our initial investigation we have measuredhe quark condensateand baryonand
isospinnumberdensitieson a 12* lattice at g = 0.6, which from Fig. 1 canbe seen
to be wherethe effect of having iy # 0 Is largest. In QCD, one canshav that e.g.
() expandedaboutp = 0 is analyticin 1, suchthat for smallimaginary . the
guantityremaingsreal [9]. For our simulationshowever, thisis notthecaseandmeasured
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Fig. 2. Realandimaginarypartsof (uwu) and (dd) asfunctionsof imaginary ;; with
np = 0.6 onal2? lattice.

guantitiesare, in general,comple<. One canthereforefit andanalytically continuethe
resultsusinge.g.

m ~
_ ~n MHI—U _
() =Y " enfif 5" (uu)], e = co+ cipp — cong — c3p + capp +
n=0

Figure 2 shaws the real and imaginary parts of the quark condensateas functions of

imaginaryisospinchemicalpotentialji;. As expectedtheresultsfit theformsRe (uu) =

co + CQ,&% andIm (uu) = cyi; well. Our next aimis, with moredataandbetterstatistics
for arangeof 11 g, to producereliableformsof thecurvesin Fig. 1. It mayalsobepossible
to look for signsof pion condensatiomt largervaluesof 1 ;.
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